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|_!EE
observe

// divxy.c
int main(void) {
unsigned 1int x, vy,

z = XxX/y;
return 0;

AL ofl A}

gce —S divxy.c
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ER
.LFBO:
%E!%g! .cfi_startproc
endbr64
observe pushq  %rbp

.cfi _def cfa offset 16
.cfi_offset 6, -16
movg %wrsp, %rbp
.cfi_def cfa register 6

O 00 NV B W N

10 movl -12(%rbp), %eax
11 mov1l $0, %edx
12 divl -8(%rbp)
13 mov1l %eax, -4(%rbp)
14 mov1l $0, %eax
?:-I]II'OEI 3HEII- 15 popq %rbp
gce =S divxy.c 16 .cfi def cfa 7, 8
17 ret
18 .cfi_endproc




ExF
LIFAN

|_!EE
observe

// divx3.c
int main(void) {
unsigned 1int x, z;

Z = X/3;
return 0;

AL ofl A}

gce —S divx3.c
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main:

.LFBO:
ilfjik .cf1i_startproc
—- = endbre64
observe pushq  %rbp

.cfi_def cfa offset 16
.cfi_offset 6, -16
movq %wrsp, %rbp
.cfi_def _cfa_register 6

O o0 NGOV & WN R

10 movl -8(%rbp), %eax
11 mov1l »eax, xedx
12 mov1l $2863311531, X%eax
13 imulg %rdx, %rax
14 shrq $32, %rax
15 shrl %eax
16 movl %eax, -4(%rbp)
= 17 movl $0, %eax
;D'|]II-OE| OHEII- 18 popq %rbp
gce —S divx3.c 19 .cfi_def cfa 7, 8
20 ret
21 .cfi_endproc
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observe

-8(%rbp), %eax
%eax, %wedx
$2863311531, %eax

%rdx, Z%rax
$32, %rax
%eax

7-|]]'_|-OI 7=|J'_l_|.
?l imulq 0|1 24 shrq O|X] Lt= X2 A

olr

HH =l
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Proof
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PLDI 1994

Torbjorn Granlund, Peter L. Montgomery

Division by Invariant Integers Using
Multiplication.

AMA AL MO B HAKSH & OIL}

4Byte L=l = 8B 3! 5iLt 8B right shift 5tLI2} SX|

y OHE
S0 E| An2Ee| M2t S QI dl.acm.org/doi/10.1145/178243.178249
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https://dl.acm.org/doi/10.1145/178243.178249
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akl rl I

Al otX|
. . - | Approx. Time (cycles) for Time (cycles) for
Architecture/Implementation | N\ "y HIGH(N( bit * )V bit) | ¥ bit/ﬁf bit ()hvide
Motorola MC68020 [18, pp. 9-22] | 32 | 1985 | 41-44 o &E‘;‘fgﬁd)
Motorola MC68040 32 | 1991 20 44
Tntel 386 [9] 32 | 1985 9-38 38
Intel 486 [10] 32 | 1989 13-42 40
Intel Pentium 32 | 1993 10 46
SPARC Cypress CY7C601 32 [ 1989 40° 100°
SPARC Viking [20] 32 | 1992 5 19
HP PA 83 [16] 32 | 1985 45% 70°
HP PA 7000 32 | 1990 3FP 708
MIPS R3000 [12] 32 | 1988 12; 35"
32 12 75
MIPS R4000 [17] 6 | 1991 o0P 139
POWER/RIOS T [4, 22] 32 [ 1989 5 (signed only) 19 (signed only)
PowerPC/MPC601 [19] 32 | 1993 5-10 36
DEC Alpha 21064AA [g] 64 | 1992 23" 200°
Motorola MC88100 32 | 1989 17° 38
Motorola MC88110 32 | 1992 3P 18

S
F
P

No direct hardware support; approximate cycle count for software implementation
Does not include time for moving data to/from floating point registers
Pipelined implementation (i.e., independent instructions can execute simultaneously)

Table 1.1: Multiplication and division times on different CPUs

Kang MS




KA =i =27t

SollEA}



Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}
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Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}

T 233
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Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}

T 233 41
233 3

reN, 0<z<2%
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Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}

x € N,

3 . 233

0< < 232
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Divide by 3

Unsigned 32bit 3+ x &

32 LIFEHX}
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Divide by 3

Unsigned 32bit =+ x & 322 LHREHX}

b
=

FIO

233 3

&

T 233 1 1

reN, 0<z<2%
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Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}

L

233 +1 1

3

x € N,

933

0< < 232
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Divide by 3

Unsigned 32bit 4 x & 32 & LIFEX}

L

2% + 1| w
. 3 > 33 =
reN, 0<z<2%
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Divide by 3 I

Unsigned 32bit 4 x & 32 & LIFEX}

z- M| > 33 =

x

reN, 0<z<2%
MeN, 0< M < 2%
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Divide by 3 "3

Unsigned 32bit 4 x & 32 & LIFEX}

(z - M) > 33 =

w8

reN, 0<z<2%
MeN, 0< M < 2%
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Divide by d

Unsigned 32bit &= x 2] Lixxdl2| Yuis}

932+s d 9232+s d

{ T J T 232+s T 232+3 L

2l «d<2° k=rem(—2%"% d)

T 232+s _I‘k
_232+s ' d

M = [2%%%°/d]| < 2%

:(a:-M)>u>(32—l-s)
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Divide by d

Unsigned 32bit d4= x 2 Lixz4le] Yttsio] HY

if M > 2%, use M' = M — 232 and

((z- M) > 32) +

since M < 2% M' = M — 232 < 2%

Kang MS
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In compller
GCC & LLVM

GCC 2 LLVM B50f| HE

Cia “Hoit = ool ot OHE.

AHoll= —fno—strength—reduce 2 THEE Z Z20 U0A. 1= WH2 R2S

LLVM Z2 4% -03 SMUMT HEH



In
GC(

reference

Platform

Table 1. Analysis which instruction
is used for representing division on
godbolt with different setups

X86-64 gcc 10.2

X86-64 gcc 10.2

X86-64 gcc 8.3

x86-64 gcc 8.3

x86-64 clang 11.0.0

x86-64 clang 11.0.0

ARM gcc 9.2.1

ARM gcc 9.2.1

ARMe64 gee 8.2

ARMe64 gee 8.2

armv8-a clang 11.0.0
armv8-a clang 11.0.0
RISC-V rv3z2gc clang 10.0.0
RISC-V rv3z2gc clang 10.0.0
WebAssembly clang (trunk)

WebAssembly clang (trunk)

no

yes

no

yes

no

yes

no

yes

no

yes

no

yes

no

yes

no

yes

Result

imul, no div
imul, no div
imul, no div
imul, no div
idiv

i

umul |, no div
umul |, no div
urul |, no div
umul |, no div
sdiv

urnu |

mu Thu

mu | hu
i32.div_s

i32.div_u


https://lukas-prokop.at/articles/2020-11-18-division-by-constant

In code

Float division

= [ 20N X OA S3iL.

o, SEU0| MIEA| F0|1 &= 240 120 S O,

static const double INV_PI = 0.31830988618379067154;

static NOINLINE int mul_invpi_ fn(int x){

return (int)(x * INV_PI);
}

Kang MS



In code

Float division

= [ 20N X OA S3iL.

o, SEU0| MIEA| F0|1 &= 240 120 S O,

static const uint64_t SRM_PI = OxA2F9836Eu; // 2733/pi
static NOINLINE int sr divpi fn(uint32 t x){

return (int)((x * SRM_PI) >> 33);
}

n = 3.1415926539410646 = ZAt. X} 10| &M Jt=
B E unsigned int 32 0f| CHolf +1 T2 & XtF. %= 2Xl= 104,3480|A SZ. (104348/33215)
Kang MS



In code

Float division

= [ 20N X OA S3iL.

o, SEU0| MIEA| F0|1 &= 240 120 S O,

static const uint64_t UNM_PI = OxA2F9836E4Eu; // 2741/pi
static NOINLINE int un divpi fn(uint32 t x){

return (int)((x * UNM_PI) >> 41); // ~5419350
}

n = 3.1415926535909870 2 AL
Z|= 2171 5,419,351 Of|lA] Zdot= T, x 71 24bit He ©0{7t

Kang MS

= &7t Ot CHE 20| L=



In code

Float division

Int
£ oH=C

return (int)(x * INV PI);

HEAAH AL INV_Pl B8t 5 int 2 st

Return (int)((x * SRM PI) >> 33)

Strength Reduction M &.
33 241t SRM_PI 22 Mzhof M2t =™ 7ts. HEE2 1Y 32 + log(dividor).

f(int x) { return x / M _PI; }

SHAL x9| el HAMoz W2

o AZx| STt S20| OfLH 22Xt O HE

Kang MS



In code
Float division
INV_PI 7} O HIZ ASI0| U £ Q71 &t
Ex: #E{s}, 87t Y =456HM inline + WE{St TSt INV_PI 7t O tHHS
But, HE{3} O £|= At&l0|H
A |7+ 88% Z4A 2k 1/0.12 = 8.4 Hf 24,
ME =2|lz== TH=0H?
g2fo| 1A

2|1 X
S X7t Hlul S71sSotA| W24l 2H57] Teat
OtL| fixed point L& 2|2 UHSO0E E|TO0I2 — SX}IIt %

B0| HE2}t 27ts o A2 otd
Kang MS



In code %o

d o)A E =B 2} 5= 3]
Float division A ol T 134

A7 5h <k g o

INV Pl 7} O HI2 AHsl0| U2 2 Q171 &t

~/assi=nment test$ gcc bench pi.c -o bench _pi && ./bench _pi
=== Divide-by-pi benchmark ===

N=0x800000, REPEAT=16
Divide 33554432 by pi:

identity: 33554432
double*invpi: 10680707
fixedpt SR: 10680707

identity : 397.744 ms
double*invpi : 431.624 ms
fixedpt SR : 401.670 ms




IEISS

Others

Libdivide
“you can get a speedup of up to 10x for 64-bit integer division and a

speedup of up to 5x for 32-bit integer division when using libdivide.”
(Supports SSE2, AVX2,AVX512)

V8 for chromiun

division—by—constant.h

g|sA AHE
reciprocal_div.h
HEIQ LMl 2|Xst 2 A2, Cache = £10]0}

Kang MS


https://github.com/ridiculousfish/libdivide
https://cregit.linuxsources.org/code/6.0/include/linux/reciprocal_div.h.html
https://cregit.linuxsources.org/code/6.0/include/linux/reciprocal_div.h.html
https://chromium.googlesource.com/v8/v8.git/%2B/4.10.109/src/base/division-by-constant.h
https://chromium.googlesource.com/v8/v8.git/%2B/4.10.109/src/base/division-by-constant.h

Torbjorn Granlund and Peter L. Montgomery. 1994, Division by invariant integers using multiplication.
Henry S. Warren, Jr. 2002, Hacker's Delight.
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ZF
HA

igned value

zeCQ

o
Ex: HlE{S}. st47} inline &6
b A —
SHLE H|xg!
Ciot CIE2 M2 249| LMI2 floor 7} OtL|2} celi C}. SEICZ X{2|
Hl=<gt & OtS0=1 EH 40| -(1/d) 2Ct= 0= AS S9H

Hacker's delight 20| Z2 W& S37X| XM Ho{U=S
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Signed value
10—4 Signed Division by Divisors > 2
At this point you may wonder if other divisors present other problems. We see 1n this section that they
do not; the three examples given illustrate the only cases that arise (for d > 2).
Some of the proofs are a bit complicated, so to be cautious, the work 1s done in terms of a general
word size W.

Given a word size W > 3 and a divisor d, 2 <d < 2"~ ! we wish to find the least integer m and
integer p such that

LEJ = [’_’ for0<n<2W-1 and (1a)
2P d |

mn |, = "_71 for—2"-1<n<-1. (1b)
27 d

with0 <m<2"andp> W.

Hacker’s delight Z2§0f| Z2 LHE SH7X| ZatolA HMo{US

Kang MS
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C xB6
Front-end
H‘
C++ s Clang ARM
Middle-end Back-end
Go — Gollvm \ RISCV
- _—
LLVM IR LLVM optimizer —4—m LILVM IR LLVM static compiler
,.:—'-"
Rust — rustc [ | Il . H\ MIPS
Toy - - I-: toye : PowerPC
| [ ——

A S / 2|X3t / asm HIXL

O{YAHE SSAE Tt=1 JZ= B2t o2 X}

X SZVIX| 7= Al Byte code Z2 HE

Image Source
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https://iq.opengenus.org/building-compiler-front-end
https://iq.opengenus.org/building-compiler-front-end

Image Source

Text Source

Ol
Ao X
Front end — Middle end — Back end

Middle End

Front End |

opt
pass 1

|
||
|| )
|| :
AST ~ | Generic (19 GIMPLE —| SSA .
N =\  / —————-] R
/ | \ / | ==
Java — AST | opt |
N
I

@)
+
+

I machine | |
code |
|

e — — —

Back End

GCC: GIMPLE: G(eneric)+SIMPLE( IL)

GIMPLE is a three-address representation derived from GENERIC by breaking down GENERIC
expressions into tuples of no more than 3 operands (with some exceptions like function calls).
GIMPLE was heavily influenced by the SIMPLE IL used by the McCAT compiler project at
McGill University, though we have made some different choices. For one thing, SIMPLE doesn’t

support goto.
Kang MS


https://lake0989.tistory.com/98
https://lake0989.tistory.com/98
https://gcc.gnu.org/onlinedocs/gccint/GIMPLE.html
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Middle End

Front End |
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|
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RTL-expansion. Expmed.c
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https://chromium.googlesource.com/chromiumos/third_party/gcc/+/refs/heads/stabilize-6996.B/gcc/expmed.c
https://chromium.googlesource.com/chromiumos/third_party/gcc/+/refs/heads/stabilize-6996.B/gcc/expmed.c
https://chromium.googlesource.com/chromiumos/third_party/gcc/+/refs/heads/stabilize-6996.B/gcc/expmed.c
https://chromium.googlesource.com/chromiumos/third_party/gcc/+/refs/heads/stabilize-6996.B/gcc/expmed.c
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LLVM Compiler Infrastructure

C++
LLVM

C P g — | MPs
Lauguage Eront Code ‘
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’Zﬁ; . Analysis | PowerPC

—

LLVM: LLVM IR

LLVM Intermediate Representation. 212|441 O}

Image Source
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https://lake0989.tistory.com/98
https://lake0989.tistory.com/98

AN 21X

Front end — Middle end —

Back end

LLVM Compiler Infrastructure

Ohje&t;e-c
& puthon

s

#Scala

—

| Analysis

O] F=20IM of= =|X=iL}

DivisionByConstantinfo.cpp L17~
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https://llvm.org/doxygen/DivisionByConstantInfo_8cpp_source.htm
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dt=0z A E2 A

HA M 2329 & SI910|2 SX|02?
ofd. 1 /3 =0 0|X] 3*{-1} O] O}L|&0I2. & {
Tt LM X|l= 240] d 22 LH+=0 Eo{ZIC= A
Z12{™ Ot0f| == =4 olLtetA| . 0|7HO| UWE
41 Magic number #A|4t617| & 6HE: Extended Euclidean Algorithm
Hansel's Lamma

d23 M 0] Bol B3 A 2%t 1=

X7|1M 2e0[2? : -2 {W+s} = 1 (mod d) 7} €E
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T™MI 1

Modular operation by invariant integer

“invariant G"2| LIHX| HLE JHsS¢et
By. Barrett reduction 0|2t= CHE Y112|E. 12|30 x 7F MEo| %f0tof gt

E.g. to calculate the remainder of a division by 3 with a 32 bit multiply, multiply
with 0x55555556 and extract the upper two bits; the result 1s exact for inputs up
to Ox 1 fffftft. (gcc/expmed.c L3872~3874)

b -
SH M=
o|7|m|C|ofoy = E|0{QICia}

Kang MS


https://en.wikipedia.org/wiki/Barrett_reduction
https://en.wikipedia.org/wiki/Barrett_reduction
https://en.wikipedia.org/wiki/Barrett_reduction
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